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POWER METER FOR AC ELECTRICAL SYSTEMS 

The power meter is based on a new algorithm that measures active and reactive powers, apparent power and 
power factor for single and three phase ac systems. The present invention resides in the use of a modified 
instantaneous power calculation to derive a measurable quantity such as apparent power, power factor or energy 
consumption, wherein a reactive power component of the modified instantaneous power is defined as a dc 
imaginary component of the instantaneous power to satisfy power signal theories in both the time and frequency 
domain. 

Power meters are used in industry to measure energy consumption of electrical energy users. There are four 
parameters that specify the quality and energy consumption of an electrical ac system, active power that when 
integrated in time determines the energy consumption, power factor, apparent power that determines the 
maximum demand and reactive power. 

Measuring devices are manufactured according to different algorithms. The method that is used in majority of 
measuring devices is based on the standard power theory in ac circuits. 

The growth of non-linear loads in power system has been the source of concerns for many years. One aspect that 
needs clarification and demands investigation is the definition of the basic electrical quantities such as apparent 
power, reactive power or power factor, when the signals are not sinusoidal. There is enormous literature on the 
subject that confirms the importance of the problem for the academia and industry. However, a convincing 
solution is still being sought. The concern is more aggravated when one notices that the basic power theory lacks 
firmness when a simple unbalanced three-phase system with sinusoidal waveform is considered. 

Although the definition of active power, P, has widely been accepted, there are continuous controversy on the 
definition of apparent power, reactive power, and power factor in tliree phase systems with and without distorted 
waveforms. The problems have been well established and reported in many technical papers. 

The theoretical basis of the working principle of the meter described in this application is based on a new power 
theory that is introduced, analysed and investigated in three articles, entitled as below that are attached to this 
application as Appendices A B and C. The attached articles are an integral part of this application. 

1- A NEW CONCEPT IN AC POWER THEORY 
Part One: Single and Three Phase Systems 

2- A NEW CONCEPT IN AC POWER THEORY 

Part Two: The New Apparent Power and Power Factor in Terms of Symmetrical Components 

3- A NEW CONCEPT IN AC POWER THEORY 

Part Three: The New Apparent Power and Power Factor with Non-Sinusoidal Waveforms 

A bibliography of previous researches and works is provided in Appendix D for further reference. 
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Figure 1 shows the schematic diagram of the meter. Figure 2 shows the flow chart for the algorithm. 

The power meter whose working principle is based on the content of the attached articles calculates the apparent 
power, S by calculating the rms of the instantaneous powers Pp (t) andp q (t). p p (t) is obtained from the product of 
the voltage and current signals whereas p q (t) is calculated from the product of the phase shifted voltage signal 
and current. The phase shift is -90° The voltage signal is filtered prior to phase shifting to extract the 
fundamental frequency component. For three phase application the same procedure is carried out on the pa- 
phase basis. In this power meter the active and reactive powers are obtained by calculating the average values of 
the instantaneous power components Pp {t) and p„(t) respectively. In the meter described, the power factor is 
calculated by dividing the average power by the apparent power. 

The definition of the apparent power introduced and analysed in the attached articles and used in the power 
meter is uniform for single phase and balanced/unbalanced three phase systems with sinusoidal or non-sinusoidal 
waveforms. There is no need for different definitions or procedure when the system topology changes (please see 
articles parts 1, 2 and 3). 

The power meter calculates the apparent power, active and reactive powers and the power factor in single-phase 
ac systems as defined and analysed in part one of the attached articles. The apparent power is defined as the 2- 
Norm (rms) of the modified instantaneous power as given in part one of the attached articles. 

The power meter calculates the apparent power, active and reactive powers and the power factor in three-phase 
ac systems as defined and analysed in part one and two of the attached articles. The apparent power is defined as 
the 2-Norm (rms) of the modified instantaneous power as given in parts one and two of the attached articles. 

The power meter calculates the apparent power that is independent of the reference point voltage when used in 
three phase systems. This implies that the measurement is not affected by the choice of the reference point in 
balanced or unbalanced three phase systems. 

The power meter calculates the apparent power, active and reactive powers and the power factor in single-phase 
ac systems with non-sinusoidal waveforms as defined and analysed in part three of the attached articles. 

The power meter calculates the apparent power, active and reactive powers and the power factor in three-phase 
ac systems with non-sinusoidal waveforms as defined and analysed in part three of the attached articles. 

The power meter calculates the apparent power that is independent of the reference point voltage when used in 
three phase systems with non-sinusoidal waveforms. This implies that the measurement is not affected by the 
choice of the reference point in balanced or unbalanced three phase systems. 

The power meter calculates the apparent power whose components are symmetrical apparent power S„ 
unsymmetrical apparent power S u and the distortion power D as defined in part three of the attached articles. 
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The distortion power D, defined in part three of the attached articles, that is a component of the measured 
apparent power by the meter described in this application is independent of the reference point voltage when 
three phase balanced/unbalanced systems are considered. 

The algorithm is easily implemented using present day technology (please see attached articles parts I, 2 and 3). 

For single phase measurement it is required that one voltage input and one current input are used (please see 
attached articles parts 1 and 3). 

Switch SW1 in Figure I is to select the total S and P and Q as described in attached articles or the suggested 
positive phase sequence (pps) voltage S, P and Q. This is provided in the meter as an option (please see 
attached articles parts 2 and 3). 

Referring to Figure 1, the voltage signal is filtered to extract the fundamental frequency component (fie). This is 
in line with the suggested method described in the attached articles (please see article part 3). 

Referring to Figure 1, after filtering section three phase band limited voltages are fed to a section whose output is 
the positive phase sequence voltages. This is an option. The selector SW1 is used to select this option (please see 
articles parts 2 and 3). 



Referring to Figure 1, the voltages are fed to the phase shifting section. This section produces the quadrature 
voltages as described in the attached articles (please see article part 1). This is an essential part of the algorithm. 



axis 



Referring to Figure 1, the voltages and currents are multiplied on per phase basis to produce the instantaneous 
powers (IP), p p (t) and p q (t) (please see articles parts 1, 2 and 3). 

Referring to Figure 1, the average values of p#) andp q (t) are extracted by the averager units whose outputs are 
the active and reactive powers respectively (please see articles parts 1 and 3). 

Referring to Figure 1, Pp (t) and^(i) are also fed to two blocks that calculate the root mean square (rms) of Pp (t) 
and/? q (t) (please see articles parts 1 and 3). 

Referring to Figure 1, the apparent power, AP, is calculated as shown in the attached articles parts 1, 2 and 3 
using the outputs from the rms calculation units. 

Referring to Figure 1, the power factor, pf, is calculated using the apparent power and active power as shown in 
the attached articles parts 1, 2 and 3. 

Referring to Figure 1, die calculated parameters are fed to the display unit for gain adjustment and display. 
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A NEW CONCEPT IN AC POWER THEORY 
Part One: Single and Three Phase Systems 



F.Ghassemi 



ABSTRACT 



In this paper a new definition of apparent power in single and three phase systems is presented. The technique is based on 
the instantaneous power, which satisfies the law of conservation of energy. In this technique the reactive power is 
determined as a dc imaginary component of the instantaneous power. The apparent power is defined as the nns or 2- 
Norm of the instantaneous power. The technique satisfies the PlanchereTs theorem both in time and frequency domain. 
It will be shown that the power factor can only be made to unity in a 3-phase balanced system if the new definition of 
apparent power is used. 

1 - INTRODUCTION 

The definition of power in ac circuits has been a subject of research and investigation for many years. Although the 
definition of active power, P, has widely been accepted, there are continuous controversy on the definition of the 
apparent power, reactive power, and power factor in three phase systems and circuits with distorted waveforms 
[1,2, 3]. The problems have been well established and reported in many technical papers [1, 2, 3, 4], but yet no 
acceptable solutions have been found. 

In recent years, there have been reports on new methods for calculating and measuring the apparent power in three 
phase systems. However, all of these methods have their shortcomings and not totally accepted by the academia and 
industry. 

The method reported and used in reference [3] and [4] utilises the equivalent voltage and current for three phase 
systems to calculate the apparent power. This has the main disadvantage that the outcome depends on the reference 
voltage. Also the physical bases of the core of the theory which is the assumption that reactive power is purely the 
magnitude of one of the oscillatory component of the instantaneous power (IP) and the apparent power is only 
related to the losses of the system, has not been totally accepted [5], 

For example, by considering the figure in the discussion section of reference [3] (second discussor), one can see that 
the value of the apparent power as defined in the paper depends on the point of voltage measurement for the broken 
line. The apparent power would be different if the voltage is taken from the load side of the broken point to the case 
when the voltage is taken from the source side. Therefore, it is clearly evident that the value of the apparent power 
as defined in reference [3] and [4] may not be unique for a given load. 

In this report, first a single-phase system is considered and the power theory in the time and frequency domain is 
investigated and a new technique is proposed. The proposed method for calculating the apparent power and hence 
power factor is then extended to three-phase systems. Throughout this work the focus has been on the instantaneous 
power, since the law of "conservation of energy" is satisfied by this power in an ac system [6]. Also, as has been 
discussed in reference [7], unlike the current calculation in the frequency domain, the present power theory in 
electrical engineering has the shortcoming that the time domain analysis does not fully agree with the frequency 
domain calculation [7J. This feature of the proposed method will be also addressed. 



2- SINGLE PHASE SYSTEMS 

Consider the circuit shown in Fig. 1. Steady state is considered only. 




Fig 1 -Single Phase Circuit 



Equation (1) and (2) give the voltage and current respectively. 

v(f)=Vcos(© 1 t+a) 

/(O=icos((o 1 t+P) 
It is clear that 
<p=ZZ=a-P 

The instantaneous power p(l) is defined as follows: 



(3) 



(1) 
(2) 



Equation (4) can be rearranged as follows: 



(4) 
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VI VI VI 

p p (/)=v(/ ) / (0=-^-cosq>+-j-cos<pcos(2© , t+2p) — — sinq>sin(2G> x t+2P) (5) 

The average value of Equation (5) is the power that is unidirectional. It is given by Equation (6). 
P = 1 JJ v(/)/(Odt=^cos<p (6) 
Where T is the period of the signal. 

The standard active and reactive powers are defined as follows: 

P=— cos q>= VIcoscp (7 a) 

Q = -y sin q> = VIsincp (7.b) 

Where V and I are the rms values of voltage and current respectively. Equation (5) can be rewritten in terms of P 
and Q as follows: 

p p ^^/; / Y/;=P+Pcos(2a) I t+2P)-Qsin( 2to,t+2P) (8) 

Note that the reactive power is defined as the magnitude of one of the oscillatory components. The apparent power 
is then defined as follows. 

S= VI -yj(Vlcos(p) 2 +( VIsincp) 2 =t]p 2 +Q 2 (9) 

It can be seen that the apparent power is defined as the product of the rms values of voltage and current. 

Equation (9) defines a relationship between the apparent power and the active and reactive powers. These are the 

standard relationships that have been accepted and used for many years. 

The Schwarz inequality states that for any two signals the following relationship holds: 

^VoKOdtjj *j}*(0| dt Jjj<0| dt (10) 

For generalisation of the relationship the magnitude of signals have been considered to include complex signals [8]. 
By inspection it can be seen that the left-hand side (L.H.S) is equal to the average power and right hand side (R.H.S) 
is equal to the product of the squared of the rms values of voltage and current. Thus: 

(VIcoscp) 2 £V 2 I 2 (11) 

The inequality becomes equality when the angle between voltage and current, <p, is zero. 

The reactive power considered as in (8) cannot be defined or obtained in frequency domain as discussed below. 

3-POWER DEFINITION IN FREQUENCY DOMAIN 

In two ways the frequency domain spectrum of power relationship, Equation (4), can be obtained. 

1- By identifying the frequency components of voltage and current and performing convolution in frequency 
domain. This is equivalent to the multiplication of voltage and current in the time domain. 

2- By calculating the instantaneous power, p p (t) , and performing the Fourier transform. 
Both methods must give the same result. 

3.1- Calculation of Power from Frequency Spectrum of Voltage and Current 
The Fourier transform of any signal x(t) is defined as in Equation (12). 

X(0=J^x(0e" ja,t dt (12) 



By performing the Fourier transform on (1) and (2), the frequency spectrum of voltage and current are determined. 
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1(0=0(0^ ja,1 dt=i[ie +jp 6(f-f , )+i<T jP 8(f +f , )] 



(I3.a) 
(13.b) 



Where 8 is the Dirac function. The instantaneous power p p (t) is defined by Equation (4) as the product of the voltage 
and current The same result can also be obtained in frequency domain by performing convolution of voltage and 
current spectrum, since the following relationship exists. 

v(t) . ift)+>V(f) * 1(f) (14.a) 
And 

v(t) *i(t)++V(X). 1(f) (14.b) 
Where (.) and (*) denote multiplication and convolution respectively. The spectrum of voltage and current are 
shown in Fig 2. a and 2.b respectively. 



I -JP 



t i 't, 't rt r 

^ ^ f -f, f, f 



I 



Jp 



Fig 2 a Fig 2 b 

Fig 2 -Frequency Spectrum of Voltage and Current 
2. a- Voltage, 2.b-Current 

Note that the component at negative (-ve) frequency is the conjugate of that at positive (+ve) frequency. The -ve 
frequency does not have any physical meaning but it is the result of the mathematical analysis. It is important to note 
that both frequency components constitute the time domain signal in frequency domain, thus in order to be able to 
obtain the original signal in the time domain, both frequency components must be considered. The components of 
the instantaneous power can be obtained by convoluting the spectrum of voltage and current [9]. Thus: 



p P (i) = £Vcn * i(f ■ ft d/ = JT I(/) * V(f " ft d/ 



(15) 



Where /is a dummy variable. Appendix A shows how (15) can be applied to calculate the frequency components of 
the instantaneous power. It can be seen that Pp(f) has values at -2fi, dc, and 2f] as shown below: 



P P (-2f, )=V(-f, )I(-f, yJ^'***>Jle-*- 
4 4 

Where: X=a+p 

P p <0)=V(-f , )I(f , )+V(f , )I(-f, )J2** a -W - A + i(-P) 

4 4 

P p (0)=^ke +e +j<p ]=^coscp= VIcosq) =P 
4 2 



(16.a) 
(16.b) 

(17) 



As can be seen, Equation (17) gives the average power that could be deduced from (6). Also, the frequency 
component at 2f\ is given by (18). 



P P <2f , )=V(f, )I(f j =21 



VI 
4 



(18) 



The spectrum of the instantaneous power is shown in Fig 3. 



P 



1 



-2f, 0 2fj f 

Fig 3- Frequency Spectrum of P p (f) 
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As can be seen from Equation (17), the active power is that component of the instantaneous power that is 
unidirectional, i.e. dc. The same result can also be deduced from Equation (19 a) or (19 b). 

P=rV(f ,)]'l(f ,)+ V(f ,)I(f ,)]* (19 a) 

P= ZV(f)I*(f) = Z:V(f)r(0 (19.b) 

f=-cO -f| 

As can be seen the frequency spectrum does not provide any information about the reactive power, Q. 
3.2- Fourier Transform of the Instantaneous Power 

If Fourier transform is applied on Equation (4), the same result as shown in Fig 3 is obtained. 

4- DISCUSSION ON SPECTRUM ANALYSIS 

The aforementioned analysis docs not indicate that the reactive power as defined by (7.b) can be calculated in the 
frequency domain. Note that the Schwarz inequality suggests that if <p*0, two sides of Equation (11) can never be 
equal. However, there is one situation when the equality is satisfied for any cp, and that is when the reactive power, 
Q, which is defined by Equation (7.b) is included in the equation. The analysis considered, which is the usual 
standard procedure adopted in electrical engineering does not have the capability to calculate the reactive power. 
The power in any signal x p (t) may be found in terms of either a time or frequency description based on Parseval's 
relation \ix p (t) is a square integrable function over one period [10]. A generalisation of this is PlanchereFs relation 
for the product of two arbitrary periodic signal, x p (t) zx)dy p (t). The Plancherel's relation is defined as in (20) [8, 10]. 

^ — OO 

L.H.S of Equation (20) is the average power that is given by (6). R.KS of (20) is equal to what has been calculated 
by the convolution theorem in frequency domain that is described by (19.b). Thus the Plancherel's relation can be 
considered as a basis for defining the power in ac circuit. It is clear that if the normal procedure of power calculation 
is used, neither in time nor frequency domain, Q as defined by (7.b) can be determined 
In normal electrical engineering practice, complex power is considered that is defined by Equation (2 1). 

§ = vr =P+jQ = |s|Z9 (21) 

Where I Si is considered to be the apparent power in single and balanced three phase systems. Equation (21) is a 
frequency domain expression. However, it has been shown that the complex power cannot be deduced from the 
frequency spectrum of voltage and current. If R.H.S of (20) is modified, as shown in Equations (22), then Q can be 
deduced. 

2VX(0[Y(0]' = -^ J<p = VIcosq> + jVIsincp = P+ jQ (22) 
o 2 

However, for this condition the Plancherel's (Parseval's) theorem is not satisfied and hence is not acceptable. In 
other words, the relationship (21) is not analytically valid. 

5 - TRADITIONAL METHOD FOR MEASURING O 

Traditionally, Q is measured by phase shifting <he voltage signal by -90° and multiplying it by the current signal. 
Integration of the product over one period, which is effectively the average value, is the reactive power as given by 
(7.b) [1 1]. The procedure is given below. 

p q (0=Vcos(o£) I t+a-y).icos((D , t+P) (23 .a) 

VI VI 

P q (0=-^-sincp+— sin(2© , t+a+|3) <23 .b) 

As can be seen, the average value ofp q (t) is the reactive power, Q. 

6- NEW APPARENT POWER 
6.1 - Modified Voltage Signal 

As was shown in Section 5, the reactive power Q is obtained by assuming that it is an imaginary dc signal. In order 
to generalise the method, appropriate signal must be considered in the analysis that also satisfies all signal theories. 
Thus, if the voltage signal considered in the power calculation is modified as shown below then the reactive power 
Q can be calculated, as previously shown. 
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^(O^Vcos^t-Kx) W 
v mq (0= Vcos(q) , t+a-^)= Vsin(© , t+a) ( 24 ) 
Hence, the voltage signal that must be considered in the analysis is given below. 

v m (0=v mp (0+jv^(0=^ (25) 
Note that v m (0 does not exist in the circuit but is physically obtainable as done in Q measurement. In order to keep 
in line with PlanchereFs theorem the instantaneous power is defined as follows: 

pft)«v.(OVfl)f (26) 
p(t)=Ve K<s>ll+a) [Icos(G) , t+p)]* < 27 ) 
Note that since the current is considered real, the conjugate is the same as signal itself. Using Cauchy relationship, 
the instantaneous power can be written as follows: 

HK ' 2 2 
Where, <p=a-P and k=a+fi. 

As can be seen, p(t) defined by (28) has dc components on the real and imaginary axes that are equal to P and Q 
respectively. Also, there exists a complex ac component. The spectrum of the IP is shown in Fig 4. 
^Imaginary 

VIsinX A 



r P w Real 

-^VIcosX 



Fig 4- The Frequency Spectrum of the Instantaneous Power 

Applying the Schwarz inequality to the modified signals, the following is obtained 



2 , 



2 



<V 2 -L < 29 > 
2 

Note that if the voltage given in (25) is considered the rms of the signal is equal to its peak [9]. It can be seen that 
the relationship does not depend on the phase angle between the voltage and current. Hence for the modified signals, 
the Schwarz relationship can be written as follow. 

{^v m wm^ Jj'ofdt 00) 

Equation (30) can be written as shown below. 

{jifi^&y =(vivi) 2 =(v m i) 2 (3D 

Where V m denotes the rms value of the complex voltage signal. It can be seen that if the voltage signal is modified, 
the Schwarz relationship is always equality, provided <2 coefficient is considered.. Equation (31) shows the 
relationship between the product of the rms values of the voltage and current and the active and reactive powers. 
The frequency spectrum of the complex voltage signal is given by Equation (32). 

V(f>V* ja 5(f -f, ) =V m e ja 5(f -f x ) < 32 > 
The spectrum of current is given by (I3.b). Applying Equation (20) yields the active and reactive powers both in the 
time and frequency domain. (33.a) and (33.b) give the L.H.S and R.H.S of (20) respectively. 



T Jo 



v m (/)/(0dt = =^cos<p + j^sinq> (33.a) 
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£v m (f)[KOf = ZV m (D[KDf 

f=.o> f=-f| 

VI 



J<P_ 



VI 



VI . 



=-^-cos<fH-j-^-sin<p 



(33.b) 



Thus, the PlanchercFs relation is satisfied and at the same time the reactive power can be determined both in 
frequency and time domain and all signal theories are satisfied As it is evident the reactive power is considered as 
an imaginary unidirectional power in this analysis. 

6 2- Ap parent Power as the NORM of the Instantaneous Power 
Norm of any signal x(t) is defined by Equation (34) [8, 12]. 



l^l^^lxW^dtJ for l<^^co (34) 

When </=oo, the Norm is the largest magnitude the signal assumes. The 2 -Norm (where d=2) is the rms value of the 
signal. It is a measure of the size of the signal [10, 12]. For any signal, the square of the 2-Norm is referred to as the 
energy (for energy signals) or power (for power signals) of the signal. It is clear that the periodic signals are power 
signals [9, 10] and ( I x 1 2 f gives the total power in the signal [8, 10,12]. Note that although the instantaneous 
power (IP) is not a physical signal [6], but it can be regarded as a signal. In fact the instantaneous power is a 
quantity for determining physical quantities. But it must also be emphasised that the law of the conservation of 
energy is satisfied by this quantity throughout the circuit 

The 2-Norm or rms of p(t) is given by Equation (35). Note that since p(t) is periodical (power signal) the limit of 
integration has been modified [12]. 



Ph = 



i J>>l'*j' 



(35) 



Substituting (28) into (35) yields. 
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(36 a) 
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2 V2 4l 



(36.b) 



Equation (36.b) shows that the 2-Norm is equal to the product of the rms of the current and complex voltage or V2 
times the rms of current and real voltage. 

Hie apparent power is defined as the 2-Norm of the modified instantaneous power. The modified instantaneous 
power is the product of current and complex voltage. Thus, the relationship between the 2-Norm and different 
quantities for single-phase systems is given below. 



(37.a) 
(37.b) 



HMI 2 

S=V m I=V2VI=v / 2V p2 - K 2 2 
Note that the apparent power defined by Equation (37.a) has the dimension of volt-ampere. 

The new definition of apparent power presented here leads to the product of the rms of current and voltage. It has 
been shown that in order to satisfy the rule of electrical engineering both in time and frequency domain, the 
definition of reactive power as the magnitude of one of the oscillatory components of p(t) is not sufficient 



7- POWER FACTOR (of) IN SINGLE PHASE SYSTEMS 

Due to the uncertainty of definition of reactive power in 3 -phase and distorted waveform systems the ratio of active 
power to the apparent power has been suggested by many researchers as the acceptable definition for pf [1, 2, 3]. 
With reference to the new definition for S, pf is given by Equation (38). 
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pr-l <*> 

Where P= Vlcoscp 
S=V m I 

V m = V magnitudeof the voltage signal (rms of the complex voltage signal) 

1= rms of the current signal 
With reference to Equation (37.b), in single-phase systems the pf can be written as (39). 

pf = f-= P = =2 ^£SL«Uo.707 cos <p (39) 

s V2V1 ttVp 2 +Q 2 

It can be seen that pf cannot be greater that 0.707 in single-phase systems. The maximum pf occurs when the voltage 
and current are in phase (cosq>=l), i.e. pure resistive load. This reduction in pf from standard unity pf for resistive 
load is due to the ac component of p(t). This component exists even if all the reactive power (the component of p(t) 
on the dc imaginary axis) is compensated by reactive passive elements. The sign of Q determines the nature of the 
reactive power. 

8- IMPLEMENTATION OF THE ALGORJTM IN A MEASURING DEVICE 

As has been previously mentioned, the 2 -Norm of a signal is its rms value, which is equivalent to a dc signal with 
the same power [10 J. Appendix B illustrates how the rms of p(t) can be calculated and that it is equal to Equation 
(40) 

S = rms[/>(0] = {[ntisfv^ (0 / (/)] f + My, (/) i (/)] ] 2 f 

= > /2P 2 +2Q 2 =V2> 2 +Q 2 t 40 ) 

Equation (40) is the same as (37.b). Note that the apparent power defined by (40) is not measured by the product of 
the rms of voltage and current but from the instantaneous power p(t). 

9- THREE PHASE SYSTEMS 

The method proposed here for measuring S in 3 -phase systems is the extension of the algorithm, which was 
presented for single-phase systems. It is believed that any method that is considered for calculating the apparent 
power should be based on a quantity that agrees with the law of energy conservation and does not violate any rule of 
basic electrical engineering. In any 3 -phase system- the sum of the instantaneous powers is zero: Tims; 

Z />*<'>+ 2>" w - + £4M'> =0 (41) 

k=a,b,c k=a,b t c k=«Ac 

Where: p%0) = Instantaneous power at the source 

Pu(t)~ Instantaneous power at the load 

Ap(t)r Instantaneous power loss 
It has already been suggested that pf, which is a measure of the quality of loads, is calculated using the active and 
apparent powers [1, 2, 3]. The main question has been what the apparent power is in a 3 -phase system. It is well 
known that in a 3 -phase system with linear, unbalanced pure resistive loads there exists a difference between the 
active and apparent power, without any oscillation of power between load and source [2, 5]. Hence for such loads pf 
is not unity. The following section presents the new definition of S in 3 -phase systems. 
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10- APPARENT POWER CALCULATED FROM 3-PHASE INSTANTANEOUS POWER 
Consider a 3 -phase source feeding a 3 -phase load as shown in Fig 5. 
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Fig 5-3 -phase Source and Load 
The analysis will be presented for the source and load separately. 
10 1 - A pparent Power and pf at the Source 

Assume that the voltages and currents at the source are given by Equations (42.a) and (42.b). 



e % (f)=Ecos(G>,t) 

271 

e h (/)=Ecos(Q),t-— ) 
e c (t)=Ecos(<o l t-^) 

/.(O^.oosCojt+p.) 
/ b (O=IbCos(<M+0b) 



(42.a) 



(42.b) 



Where a, b, c denote the phase numbers. All phase angles are measured with respect to (w.r.t.) the phase "a" voltage 
of the generator. In order to consider a general case, the currents have been considered to be unbalanced. As has 
been previously presented, the voltage signals are modified. Thus the complex voltages are given below. 



«™ <'>=&*" 

- j(©lt+—) 



(43) 



Per phase and total instantaneous power are given below. 



. EI. i<s EI. jC2«it+*c) 

/</)=/». (0+/>b(')+P.(0 



(44) 



(45) 



Where: <p a =-Pa *a -Pa 

cpt =-120*-pb h> =-120°+p b 

cp c =120°-p c X^=120'+p c 

Substituting (44) into (45) yields: 
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EL fEi, jX, EI b iX b EI C jAr] j2«,,t 

H — ^e J<Pc +J — -e H ^ h k? (46) 

222|222J 

It is clear that the average value of (46) is the total active and reactive powers as indicated below. 
ij 0 T P(^t- ZP t +j ZQk (47) 

Note that (47) represents only the dc part of the instantaneous power. The counterpart relation of (47) is obtained in 
frequency domain using the convolution (or Plancherel's relation). 

ZPk+j ZQk= Z I Z^BkOMla)) (48-a) 

k=a,b.c k=*,b,c k=»,h,c\ v f=-f, J 

=(Pa+Pb+PcW (Qa+Qb+Qc) (48.b) 

Where E^, E^ E^, are frequency components of the complex voltages. 

By the new definition, the rms or 2-Norm of p(t) is the apparent power. Substituting Equation (46) into (37.a) yields. 

s={| (p. +P b +p c kKQ. 4Q b +q c I 2 + 



^EI EI h EI C , ) f EI. . , EI b . , EI C ^ 



1 f EI El _ 

-^cosX, i cosX b +^y-cosX c j+j — ^-sinl, i * s\uk h \ * c sinX c 



(49) 



Equation (49) can be written as follow: 

S^+Sj]" (50) 



Where 



S s =V(P. +P b +P c f -*{Q a +Q b +Q C f 



=E Vl 2 -fI^+I^2I a I b cos(cp a -<p b H2I b I c cos(q> b -<p c )+2I c I a cos(cp c -<p l> ) (51.a) 

E is the rms of the real voltage signal at the generator. S 5 and S u are called the symmetrical and unsymmetrical 
apparent powers respectively, since as it will be shown S u will be non-zero only if the currents are unbalanced. In a 
special case when the system is completely balanced, then S, will be as shown below. 

S s =V(P. +P b +P c )MQa+Qb +Q C ) 2 =3Vp 2 +Q 2 =3EI (52 ) 

For balanced system, p a = p b = Pc= P and I a = I b = Ic= I thus; 
^-a*=P+120°-P=120* 
K-K= -120Vp-120°-p=120° 
^-^=120°+^^= 120° 
Hence; 



S u =EVl 2 +I 2 +I 2 +21 Icos(120)+2I Icos(120)+2I Icos(120) =0 (53) 
This result is also evident from (46) where its ac part becomes zero as shown below. 

acpartof p(oJ^tt+e*- l20+ *Ue*™ + ^ (54) 

Thus, in a balanced 3 -phase system the ac part of the instantaneous power is zero and it consists of only dc 
components that is given by (52). This is contrary to the single-phase systems. 

The power factor that is the ratio of the active power to apparent power can be made equal to unity for a balanced 
system if appropriate compensation is employed in the circuit, as this reduces the value ofpftj on the dc imaginary 
axis to zero and only dc real component is present. Also, it can be said that if there is an ac component on p(t) then it 
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means that there is unbalanced load present in the system. The unity pf is achievable in a 3-phase system by first 
balancing the load, using the techniques described in [1 1] and then compensating the reactive power, which is the dc 
component on imaginary axis. 

1 0. 2 - Apparent Power and pf at the Load 

The procedure for calculating the apparent power at the load is the same as that at the generator. The complex 
voltages at the load are defined as shown below; 



i — v » er 

v mb =V^ jC<B " +ab) 



(55) 



The current signals are given by Equation (42.b). it is clear that if the currents are not balanced, due to the voltage 
drop on the source impedance, the voltage at the load cannot be balanced. The instantaneous power of the load is 
given below; 



V I 



2 



V T 

b A b g J<Pb { V c*c c J9c . 



j2»]t 



(56) 



Where: cp fl =03 -p a K =01* +p a 

<p c ~Pc =OCc +P C 

The apparent power at the load is the 2-Norm of the total instantaneous power. S at the load is given by (50), where 
the unbalance and balance components of the apparent power are given by (57) and (58). 



S s ={v, 2 I. 2 +V b 2 I 2 +V C 2 I C 2 +2V.V b U b cos(<p, -<p b ) + 

2 V b V c I b I c cos(<p b -<p c ) + 2V c V a I c I a cos(cp c - <p, )}° 5 

2V b V c I b I c cos(X b -X c ) + 2V c V a I c I a cos(?L c -X a )} 05 
It can be shown that if the system is balanced the apparent power is given by Equation (59); 
S=3VI 



(57) 

(58) 
(59) 



1 1 - MEASUREMENT OF THE NEW S IN 3-PHASE SYSTEMS 

The algorithm for 3-phase systems can be implemented using the same technique as that described in Appendix B. 
The nns of 3-phase p(t) is given below; 



rm: 



rms 



Vk=e.b,c 



rms 



2> qk (0/ k (0 



(60) 



Equation (60) can be implemented on a measuring device. 



12- CONCLUSION 

It was shown that the present power theory cannot be used to determine the reactive power in time and frequency 
domain. The PlanchereFs relation is not satisfied by the present power theory. A technique was proposed to 
determine the reactive power that satisfies signal theories in both time and frequency domain. The technique is 
based on the modification of the voltage signal by including a quadrature axis voltage. This component is obtained 
by delaying the voltage signal by 90°. The new apparent power is defined as the rms or 2-Norm of the instantaneous 
power that satisfies the law of conservation of energy in a circuit. 

It was shown that if the new apparent power is considered the power factor defined, as the ratio of the active to 
apparent powers, cannot be unity in single-phase systems even if the voltage and current are in-phase. Unity power 
factor is only obtainable in 3-phase balanced systems. It was shown that for this condition the ac component of the 
instantaneous power is zero. 
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14- APPENDICES 
14 1 - APPENDIX A 

Applying Equation (15) on voltage and current spectrum yields: 
P p (-2f x )=V(-2f , )I(-2f 1 +2f , )+V(-f , )«-2f , +f , )+ V(0)I(-2fi )+ V(f , )I(-2f 1 -f , ) 

P p (-2f , )=V(-f , )I(-A ) J^*"» J£ (Al .a) 

Where: X=a+P ( Al b ) 
And; 

P (_f l )= V (-3f , )I(-f 1 +3f , )+ V(-2f, )I(-f , +2f , )+ V(-f )I(-f, +f , )+ V(0)I(-f , ) + 

V(f , )I(-f, -f , )+V(2f, )I(-f 1 -2f , )+V(3f, )I(-f, -3f , ) =0 (A2) 

P P (0)=V(-2f, )I(0+2f , )+V(-f, )I((H-f , )+V(0)I(0-0)+V(f , )I(0-f , )+V(2f , )I(0-2f , ) 

P P <0)=V(-f , )I(+f 1 )+ V(f , )K-f 1 )=y±e'*«~» Aos cp (A3) 

By symmetry P p (fi)=0 

P p (2f , )=V(-f, )I(2f, +f, )+V(0)I(2f, -0)+V(f , )I(2f 1 -f, )= V(f 1 )I(f, ) 

P p (2f , )=V(f, )I(f, l^e* < A4) 
Note that the frequency components lower than -2fi and higher than 2fi are all zero. 

14.2-APPENDIXB 

The rms of p(t) is given by Bl. 

rxns[p(/)]=Wv m (/)/(/)}=rms{Y'e*" ll+a) Icos^t+P)} CB1) 
By expanding the voltage signal, Equation (Bl) can be rearranged as follows: 

nm[p(0]={[r™[ v P M '"(')] f +M V 9 W '"<')] P }> CB2) 
Where: 

nns [v p (f ) i(0 J=r ms[VIcos( q^t+cQ cosC co 1 t +P)] 

= Jp2 + Ip2 + iQ2 (B3 ) 

nns [v q (r) i(p]=r ms [VTsin( o t t-t-a)c os( co j t+P)] 

.^Q'+^+Ip* (B4) 

Thus; 



rms 



[p(/)]=V2P 2 +2Q 2 =V2 VP 2 +Q 2 < B5 > 
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A NEW CONCEPT IN AC POWER THEORY 
Part Two: The New Apparent Power and Power Factor in Terms of Symmetrical 

Components 

F.Ghassemi 



ABSTRACT The new apparent power defined as the 2-Norm of the instantaneous power is investigated 
using the symmetrical components. It will be shown that the instantaneous power consists of different 
terms that are the result of the product of different components. The effects of each component on the 
apparent power and the power factor are investigated. It will be shown that the unbalanced loads convert 
some of their positive phase sequence active and reactive powers into other components but the same 
nature power and feed them back to the circuit The same result is also obtained for the power 
components that are the result of the product of unlike components. 

1- INTRODUCTION 

Three phase systems can be analysed by the virtue of the symmetrical components. If the transmission system 
can be considered symmetrical, i.e. equal line impedances, the voltages and currents can be resolved into 
symmetrical components. 

In part one of this report a new definition for the apparent power (AP) based on the modified instantaneous 
power (IP) was proposed The AP was defined as the rms of the modified IP. The analysis was based on the 
phase quantities of 3 -phase systems. In order to investigate the generalisation of the approach, outlined in part 
one of this report, the analysis is carried out here for 3 -phase systems using the symmetrical components. This 
enables one to observe the influence of different components, namely positive, negative and zero phase sequence 
of voltages and currents on power components and power factor (pf). 

Reference [1] used symmetrical components to obtain an expression for the AP in terms of rms values of 
voltages and currents. Power factor (pf) was then defined as the ratio of positive phase sequence (pps) power and 
the defined AP [1]. In the following sections, pf in terms of the symmetrical components will be investigated 
and a new pf will be introduced. 

2- SYMiVf ETRICAL COMPONENTS REPRESENTATION OF THE NEW AP 

Consider a 3 -phase ideal source feeding a 3 -phase load via a transmission system with impedance 2^„ The source 
and load terminals will be considered separately. 



2 . 1 -The AP and pf at the Source 

The voltages at the source can be defined as follows; 

e k + =Ecos(oo,t+<xi)| k ^ c (1) 



Where a, b, c denote the phase numbers. The magnitudes are phase quantities. Also; 

<x>0 aV-120, a + c =120. (2 ) 
Since 3 -phase sources can only generate pps voltages the negative phase sequence (nps) and zero phase sequence 
(zps) voltages are all zero. 

For each phase a voltage signal delayed by -90° is formed and then as discussed in [2] the voltages are modified 
as shown below. 



el =Ecos(© , t +ot J -90 0 ) 

4 lk=a,b t c 



(3) 
(4) 



k=*,b,c 



Equ. (4) defines the complex voltage signals that are used in the analysis. The phase angles are as given by (2) 
[2]. 

The phase voltages and currents can be resolved into symmetrical components at any point in the circuit [1]. 
Hence if the currents at the source are defined as (5) then using Cauchy relation, their symmetrical components 
representation will be as shown in (6). 
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i k (0=i k cos(ffl,t+p k )| k 



(5) 
(6) 



k=i,b,c 



Where 

p: =p + , p; -i2o% p: =p + +120° 

p;=p,Pi;=p"+i2o°,p c -=p--i2o^ (7) 
p:=p o ,ps=p o ,p;=p° 

And T + , T~, T° denote the magnitude of pps, nps and zps currents respectively. Also p + , p~ and P° are phase angle 

of pps, nps and zps currents with respect to (w.r.t) the phase "a" voltage of the source. 

The per phase and total instantaneous powers (IP) at the source are defined by (8. a) and (8 b) respectively. 



C>('k<W</>tfk<o)1 



lk=»,b,e lk=«,h.c 

P(0= Z/> k (0= Z^(0'k*+ 2^(0'k*+ Z«rt('Vk* 

k=a,b,c k=»,b,c k=*,b,c k=a,b,c 



(8 a) 
(8 b) 



The sum of the product of the pps voltages and zps currents are zero since the pps voltages are balanced and zps 
currents are all in-phase as shown below. 



P ° (0= (0'k°* (/) J^ e -*^P 0 >+^ (9) 

This is physically acceptable since, theoretically, due to the physical placement of 3 -phase windings in 

generators the zps current cannot produce any armature reaction in the machines. 

Other components of the IP are found by considering the appropriate current components in (6). Thus; 

P* (')= X<* (O'k (0=3EI + «* + (lO.a) 

k=«,b,c 

P ± {t> Z^(0ik(0=3EI-e^ t+x±) (lO.b) 

Where, cp + =-p + , X ±= P~ and E, T and I~ are the rms of the tenninal voltage, pps and nps currents respectively. 
Note that (10. a) is a dc whereas (lO.b) is an ac signal. Note also that since the currents are real signals their 
conjugates are the same as the signal itself. 
The total IP is given below; 

/><0=3ETe* + +3EI"e jX± e * 2g>i ° (11) 
It can be seen that the average value of (1 1) that is the same as (4 1 ) in [2], is the total active and reactive powers 
that are supplied by the source to the circuit. Also note that the 3 -phase generator can only produce active and 
reactive powers in pps circuit. It is clear that if the system is balanced the nps current is zero and hence the IP 
consists of a dc term as explained in [2]. 

The apparent power ( AP) was defined in [2] as the 2-Norm of the IP. Thus; 



T 



1 r* 



0.3 

(12) 



Substituting (11) into (12) yields: 



S= j(*EI + f +(3EI" f | 1 =3E7l +2 +r ( 1 3) 
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The balanced and unbalanced AP in terms of symmetrical components are defined as below; 
S 5 =3EI + (14.a) 
S U =3EF (14 b) 

Equation (14.a) and (14.b) are equal to (50.a) and (50.b) in [2] respectively where S s and were defined in 

terms of the phase quantities. 

The power factor (pf) of the source is defined as the ratio of the active power to the AP. Thus; 



pf= 



P P + I + COS<p + 



S S 



(15) 



Note that since the machine can only produce pps active power, the pf is obtained in terms of P + only. Also note 
that since the pps circuit is balanced then any reference that is taken for the voltage measurement has zero 
voltage and thus the product of the rms of the pps voltage to the pps and zps currents is independent of the 
reference. 

2.2-The AP and pf at the Load 
2.2. 1-IP Components at the Load 

Equation (5) or (6) gives the currents in the circuit Depending on the grounding of the system, the zps current 
may or may not be present in the line. In general, the pps, nps and zps voltage drops on the line impedances are 
given below: 



Av r (/)={R^L r s 4)i r (0 
at 



(16) 



Where R> and L, are the line sequence resistance and inductance respectively. The symmetrical component 
voltages at the load are thus given by (17). 

v + (0=e + (')-Av + W 

v-(0=-Av"(0 [ (17) 
v°(0— Av°(0 

Appendix A shows that in general the sequence voltages at the load terminal can be written as follows; 

V + (0=V + COS(CD,t-KX + ) 

v " (/)= V " cos(g> , t-Kx ~)\ (18) 
v^O^cos^t+a 0 ) 

The magnitudes and phase angles are given in Appendix A. Considering the above equations, the modified phase 
voltages at the load in terms of the symmetrical components are determined by phase shifting the sequence 
voltages by -90°. Thus; 



lk=«,b,c 

Where; 

aj=a \ a£=<x + -120\ a^=<x + +120 0 ^ 



k=*.b,c 



(19) 



(20) 



The total IP is given by (21). 

/>(')= ZVoaW^O) (21) 

k=t,b.c 

Equation (21) can be written in terms of the symmetrical components as follows; 
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p(')=[i • i] 



/>(0=li i i] 



^mi ^mb ^mc 

^na V mb v mc 

V° V°u v° 
K ma mb mc 



p ± p' 



p* p- 



p* p' 



p 
p" 



b 'b 



to 



(22 a) 



(22.b) 



Note that for simplicity, (I) has been eliminated from the equations, but it should be emphasised that all matrix 
elements are functions of time. The matrix elements are given below; 



k=*,b,c 

/>° = Zv^/ k °* =_3V o I°* j,0 -3V 0 I 0 e j(aa,|l+xO) 

k=«,b,c 

= Zv^/ k -"=3V + I-^ 2 ^ t+x±) 

k=»,b,c 
k=«,b,c 
k=a.b,c 



P + = Zv^/ k + =0 

k=*,b.c 

p-= Zv^/ k -"=o 

k=»,b,c 



(23) 
(24) 
(25) 
(26) 

(27) 
(28) 
(29) 

(30) 
(31) 



Where V*". V~ and V° are the rms of ops, nps and zps voltages and 1° is the rms of zps current, and for the above; 
<pW-p + ; <p~ =<Xa~-P~, q>°=aA 0 -p°} (32.a) 
X^o^+p 0 , X*=a + +p-, X^=a A -+p + } (32.b) 



The following remarks can be made; 

1- The products of zps (in-phase) voltages and currents to pps and nps (balanced) currents and voltages are zero. 

2- It can been seen that the product of the same component voltages and currents contains dc terms which it 
implies that there are active and reactive powers associated with these components. 

3- In general, a sign cannot be defined for ac currents on their own, but when the flow of power, e.g. with 
respect to a voltage is considered the direction finds a meaning. As can be seen the sign of p* and p ± are 
positive. These terms are the product of the pps voltage to the pps and nps currents respectively. The same 
result was obtained in Section 2. 1 when the source was considered. 

4- The sign of /?", p° 9 and p* are negative compared to p* and/?-. This means that these terms are flowing in 
opposite direction to p + and p ± w.r.t the unbalanced load. In fact, these IPs are exactly equal to the system 
impedance demand of the instantaneous components of/?", p° y and p*. The same result for p~ t j?° had been 
obtained in [1] however, it is shown here that the same argument is also applied to the IPs that are the result 
of the product of unlike sequence quantities, namely nps voltage and pps currents. 

The physical explanation for this phenomenon is that since, as a result of unbalance loading, nps and zps 
currents flow in the circuit then there would be demand for and p* from the system impedance. The 

source cannot produce these power components, therefore the unbalanced load converts some of its p* and/?* 
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into other dc and ac components of the LP respectively. Note that the sums of each of these components as 
well as the total LP in the circuit are zero and thus they satisfy the rule of conservation of energy. 
5- If there is a balanced load in.parallel with the unbalanced load, then it can be easily proved that due to the 
system impedance some unbalanced current would flow into the balanced load [1]. Thus; this causes the 
power components p y p° t and to be appeared in the IP of the balanced load. The unbalanced load will also 
supply these. 

With reference to the above observations, the flow of power components can be shown as in Fig 1. 



Pg>Pg 
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Fig 1- Flow of IP Components in a Unbalanced Circuit 

Subscript LI and L2 represent unbalanced and balanced loads respectively. Note that p + and p~ demand by the 
system impedance is met by the source. 

Hence, the balanced load also consumes (dissipate) some active power (real energy) in its nps and zps circuits. 
Although in some loads not all, like heating loads, these powers may be converted into useful energy but in 
general, due to the other detrimental effects of nps and zps currents on the system they are regarded as 
undesirable powers. 

2.2.2-Total AP and pf at the Load 

In general, considering balanced and unbalanced loads the total IP of the load can be written as follow; 
p=p + +p-+p°+j> ± +p= (33) 
Substituting appropriate signal into (33) yields; 

p=d V + I + e j<p+ +V-re*" +V°I 0 ** 0 Wv+r* jX± +V"I + e jX * +V°re*° ]e j2<0 ' t (34) 



Note that, as previously mentioned, some of the terms in (34) would be negative for unbalanced loads. 
As can be seen the DP consists of a complex dc and a complex ac term. The frequency of the ac component is 
double the system frequency as expected- The dc term that represents P and Q are the result of the product of the 
same symmetrical components. 

The apparent power is defined as 2 -Norm of the IP. Substituting (34) into (12) yields; 



S^V+lV** +3V-re j9 ~ +3V°I°e jip0 j +|3V + I"e jX± +3VlV x+ +3V°I°e jX °| 



0.5 



(35) 



or 



S=^p"^^ (36) 



Where: P t = P + +P"+P°, Q t = Q + +Q"+Q°, 

P + =3 VTcos<p + , Q + =3 VTsin<p + 

p-=3V"I~cos<p", Q~=3V-I"sin9~ 

P°=3VTcos<p°, Q°=3V°rsin9 0 



The AP defined by (36) can be written in terms of S, and Su as given below; 
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(37) 



Where 




s 8 =3 1 z(v r r) 2 + zv rl v r2 i rl i ,2 cos(<p rl -<p r2 ) 



(38 a) 



2v + v-n-cos^ -a* )+2v + v°r r^^-r H2vv°r i°cos(r -a* 



(38.b) 



Equation (38.a) and (38.b), which are in terms of symmetrical components, are equal to (45.a) and (45.b) in [2] 
respectively. 

The pf defined by P/S can be deduced from (39). 



Power factor specified by (39) is exactly the same as what is calculated from the phase quantities, obtained in 



As was previously mentioned, the unbalanced load converts some of its p + and p~ into other IP components. 
This implies that P", P°, Q", Q° from dc terms and also V'TexpOX*), VTexpQk*) of the ac components in (35) 
and (36) would have opposite sign to P\ Q + and V + I"exp(j\ ± ). This means that former quantities are actually 
flowing from the load towards the system and other balanced loads. The power that is actually consumed by the 
unbalanced load, P t , is smaller than what is taken from the system. Although the difference is injected back to 
the system to be used by the system impedance and other balanced loads but the unbalanced load itself is the 
cause of the discrepancies between power components. The same argument is equally applicable to the 
calculated AP specified by (37). 

Considering pf shown by (39), it can be seen that smaller S implies larger pf, however, P t also would be smaller. 
Then some of increase in the pf due to decrease in S may be compensated by the lower value of, P t . On the other 
hand, consumers pay their energy bill on active power as well as pf. Therefore, if P t is considered for energy bills 
then the unbalanced loads do not pay for the system pollution that they are causing. It must also be said that 
these phenomenon is a mutual effect between loads and systems since the amount of power that is injected back 
to the system by the unbalanced load depends on the system impedance as well as amount of unbalanced current. 
Thus, from the consumer viewpoint, one may argue that the consumers must not alone be penalised for the 
pollution. Of course any supply system has some impedance which should comply with the standards. It is 
believed that if the supply system condition complies with the deign standards then the consumers should pay for 
the extra losses of the system. 

3-MOPIFIEP APPARENT POWER AND POWER FACTOR 

With reference to the above discussion it is desirable to use P + =3 Wcos<p + , for energy billing purposes. In this 
case the unbalanced load would pay for the pollution it is causing. On the other hand, balanced loads that are in 
parallel with unbalanced loads do not pay for the powers in the form of nps and zps active powers that they may 
be using. However, as was mentioned before, these powers are regarded as undesirable powers. It can be said 
that the balanced loads are forced to use these undesirable powers. Therefore, since the supply authorities receive 
the cost of energy from the source of pollution, there is no point of charging the balanced loads again. 
If P + is used for energy metering then it is reasonable to suggest that the AP that is calculated from the pps 
voltage be considered for measuring the pf. This is different to what has been suggested in [1] as the AP used in 
pf calculation would be different. For unbalanced loads, P + tends to increase the pf but the AP calculated using 
only the pps voltages may be higher than the case when total AP is considered Hence, higher S may compensate 
the increase in pf due to higher P + . 
Thus, the IP is calculated from (40.a); 



Where f a , /'b and i c are the phase currents and v* m , and are the complex pps voltages. Note that the, (t), 

has been ignored for simplicity. 

The AP is the 2-Norm of Equation (40.b). Thus; 




(39) 



12}. 



p=3V+I + e** +3V + r<? jX V 2a)lt 



(40.a) 
(40.b) 
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S^^V^+^^^V^-e^^j 1 (41) 



Equation (41) can be written as below; 



S=3^P +2 +Q +? j+JvM-f =3V + Vl +2 +r 2 (42) 

Note that (42) has the same format as the AP at the source given by (13). The pf is thus given by (43). 
p+ 3V*rcos9* _ rcos<p* 



P+ 3V+IW _ I W 

c ~ _2 



4-DVfPLEMENTATION OF THE ALGORITHM 

The AP can be calculated/measured either in time domain using (40. a) or from the product of the rms of pps 
voltage and pps and nps currents defined by (42). Note that since pps voltage is used in S calculation then the 
reference voltage is eliminated from the equation. Thus the AP given by (42) is independent of reference voltage. 
Both methods are described here. 

4. 1 -Time Domain Technique 

The average value of (40.b) is the pps active and reactive powers. In order to obtain (40.b), the pps voltages for 
three phases must be extracted from the phase signals. There are different methods that can be implemented to 
achieve this [3J. The description of these methods is out of the scope of the present work. Assuming that v + a , v + b 
and v + c are obtained then the quadrature voltages that are formed by phase shifting the pps voltages are obtained 
for each phase. Multiplication of the real and imaginary voltages with appropriate phase currents provides 
Equation (40.b). Thus; 

v^V+cos^HaH (44.a) 
v^^sinKt-KxH (44.b) 

Where; 

aj=a + ,aj=<x + -120° ,aj=a + +120° 

p = 2 v^/ k =3V + I + cos<p + +3V + I-cos(2cD 1 t+X :i: ) (45 .a) 

P q = Z v^ k / k =3V + I + sin<p + +3V + I"sin(2<» I t-hX ± ) (45.b) 

k=*,b,c 

As can be seen the average value of p p and p q are the pps active and reactive powers as given below; 



P + =ij,' +T /> p dt (46.a) 



The total IP is given by (47) and the AP, defined as the rms of the IP is given by (48). 

P=Pp+j/>q (47) 

S=rms[p}={[rms(p p )f +[™^P, )] 2 f (48) 
The components of S given by (48) are calculated as below; 
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nmlp, ]=^j; + V q 2 dl=3V + ^si n <p + J* ^ 



(49.a) 
(49 b) 



By substituting (49.a) and (49 b) into (48) Equation (42) is deduced. 



4.2-AP Calculation Using rms Values of Voltages and Current 

Equation (42) can be determined from the rms values of the voltage and currents. It can be proved that the pps 
voltage is independent of reference voltage. 



3v + =v„ 



.+HV 



.2ti _.2n 

WherecH^ 3 ,H 2 =e J 3 

v meas k ^measured phase voltage 
v k =phase voltage 

Thus 

3v + =v. +Hv b +H 2 v c -G+H+H 2 ) Vref 



(50) 
(51) 



(52) 



Since (1+H+H 2 )=0 then the reference voltage is eliminated from (52). The rms of the pps voltage is given by 
(53). 



3V+ =^" T(3V+)2dt 



(53) 



The amount of hardware and software for calculating the AP will be reduced if (42) can be arranged in terms of 
the phase currents. Equation (42) can be written as (54); 



s=3v + Vr +r =3v + vi +r +r -r 



(54) 



It can be shown that the following relationship exists between the rms values of phase and symmetrical 
component currents [1]. 



i. 2 +i£+i c 2 =3(i +2 +n 2 +r 2 ) 



(55) 



Also the zps current is obtained by adding the phase currents. Hence, the zps current and its rms can be deduced 
from (56.a) and (56.b). 



Substituting (55) and (56.b) into (54) yields; 



s=3v^j(i 2 + i 2 + i 2 )-r J 



Where: I, 



(56.a) 
(56 b) 

(57) 
(58) 



k=«,b.c 
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5- CONCLUSIONS 

The new AP described in [2] was represented in terms of the symmetrical components. The active and reactive 
powers were determined as dc signals on the real and imaginary axis. As in [2] the quantities defined as 
symmetrical and unsymmetrical AP were obtained in terms of the symmetrical components. 
It was shown that the IP of 3 -phase ideal source consists of a complex dc signal, which gives the active and 
reactive powers and is the result of the product of the pps voltage and current, and an ac signal which is the result 
of the product of pps voltage and nps current. The ac term is responsible for the increase in the AP when the 
system is unbalanced. 

The reactive power is a physical quantity. Whenever there is a phase difference between the voltage and current, 

there exists a reactive power in the circuit. The difference between S and P not only depends on the existence of 

the reactive power but on the ac term of the IP. It may not be possible to attach any physical meaning to this 

term. However, it can be said that the ac term causes the increase in size of S. 

The compensation of reactive power by passive elements also affects the ac components of the EP. 

It was proved that unbalanced loads convert some of the power components into others and injects them back to 

the system to meet the demand by the system impedance and other parallel loads. As a result, it was suggested 

that only the products of the pps voltage with pps and nps currents be considered at the load Also since the 

above argument is valid for the active and reactive powers then it was suggested that the pps active power is 

considered for the energy bill proposes. It was suggested that the pf is calculated from the pps power and the AP 

which is the result of the product of the pps voltage and pps and nps currents. 

Two methods were presented for devising the algorithm using rms of the IP or rms of the pps voltage and 
appropriate currents. 
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7- APPEND1X A 

Assume that the pps voltage generated by the source is given by (Al). 



e(/)=Ecos(oo,t) 

The pps, nps and zps voltages at the load terminal are given by (A2). 



(Al) 



v~ (t)=-Av~ (t) 
v°(/)=-Av°(0 

Where; 



(A2) 



v + (/)=V + cos(o l t+a + ) 
v" (/)=V~cos(<o ,t+a~ ) 
v^O^cos^t+a 0 ) 



(A3) 
(A4) 
(A5) 



The magnitude and phase of each component are given below; 




(A6.a) 



a + =tan" ! — r 



Z^rsin^+p*) 



(A6.b) 



E-Z^i + cos((p 8 + +P + ) 



(A7) 



r=+,-,o 




(A8.a) 



(A8.b) 



(A9.a) 
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=q>,-+p- (A9.b) 

=Z^°= a /r,° , +^,L°) 2 1° (AlOa) 

=<p, 0 +p° (AlO.b) 
=oil+n (All) 

=a%+n (A12) 
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A NEW CONCEPT IN AC POWER THEORY 
Part Three: The New Apparent Power and P wer factor with Non-Sinusoidal 

Wavef rms 



F.Ghassemi 



ABSTRACT In this paper the new power theory is investigated for non-sinusoidal waveforms. It will be 
shown that the instantaneous power components can be determined in frequency and time domains. The 
reactive power is determined as a dc imaginary signal in the form of the sum of harmonic reactive powers. 
This is equivalent to the Budeanu reactive power. 

The apparent power in 1-phase and 3-phase systems will be investigated* The symmetrical components 
are used to identify the components of the instantaneous and apparent powers* It will be shown that the 
use of the fundamental frequency component is sufficient for calculating the active and apparent powers 
and thus the power factor. A new definition for the Distortion Power will be presented. 

1-INTRODUCTION 

The definition of active, reactive and apparent powers and also power factor (pf) when the waveforms are not 
sinusoidal have been investigated for many years. There is many literature on the subject that dates back as far as 
1927 [1, 2, 3]. Ref. [1] highlights the reasons for using the apparent power in power engineering. For detailed 
study of the problem the reader is referred to the enormous literature on the subject. 

In the first two parts of this report a new apparent power (AP) and pf was defined and investigated for 1-phase 
and 3-phase systems. The purpose of the present work is to apply the new definition of the AP to a non- 
sinusoidal waveform situation. The basis of the proposed power theory is such that the active, reactive powers 
and AP can be deduced in time or frequency domain. In the new method a quadrature axis voltage is obtained by 
phase shifting the voltage signal by -90° to form a complex voltage[4]. This complex voltage is then used to 
calculate the instantaneous power (IP). If the voltage(s) and current(s) are non-sinusoidal, then the IP will 
consists of different frequency terms. It will be shown that these frequency components may increase the size of 
the IP that is defined by its 2 -Norm. The format and significance of the average value of the IP is also 
highlighted. 

It will be discussed that although it is possible to devise a signal processing system (filter) with a phase response 
of -90° for all harmonics of the fundamental frequency to obtain the quadrature axis voltages, but this is not an 
essential requirement. The use of the fundamental frequency component (fife) voltage may be sufficient for 
calculating the AP and hence the use of complicated signal processing with a particular phase response is 
obviated. 

2-SINCLE PHASE POWER COMPONENTS 

Consider an ideal source that feeds a non-linear load via a transmission circuit. The non-linear load draws a non- 
sinusoidal current. The source and load terminals are considered separately. 

2. 1 -Source Terminal. 

The voltage at the source and the current in the circuit are grven by (1) and (2) respectively; 
e(0=E,cos(G) 1 t) (1) 



Where (3 h is the phase angle of the harmonic currents with respect to (w.r.t) the source voltage and h is the 
harmonic order. The source can only generate the fife voltage. The quadrature axis voltage and the IP are given 
by (3) and (4) respectively. 



'"(')= ZI h cos(a> h t+p h ) 



(2) 



h=! 



e g (t)=E l sin(co l t) 



(3) 




(4) 



Equation (4) can be rewritten as follows; 




(5) 
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Where: E l =rms of the real fife voltage 
Ii=nns of the fife current 

q>i =phase angle between fife voltage and current =~Pi 

h= harmonic order 
Ih= rms of harmonic components 
ffl lh =G>|-<Dh , co ,h =<jOi-Hi) h for h*l 

cpih=-ph , ^ih=Pb forfctl 

It can be seen that the IP consists of dc and ac components. The average real and imaginary values represent the 
standard definition of active and reactive powers. It is evident that the source can only produce these components 
by ffc. This is physically acceptable as the machine is driven at the fundamental angular frequency and the 
energy conversion and voltage generation takes place at this frequency only. The product of other frequency 
components with fife voltage cannot have any average value neither on real nor imaginary axis. 
It can be also seen that the ac terms do not have equal frequencies. The product of the ffc voltage with the 
current harmonics (excluding the ffc current) leads to ac terms with distinct negative and positive frequencies 
that are denoted by a> lh and o lh respectively. The product of the ffc voltage and current also result in an ac term 
with the double frequency. The AP, which is the 2-Norm (rms) of (5), is thus jjiven by (6). 



S= J(E, I, f +(£, I , ) 2 + X(E, I h ) 2 + Z(E, I h f =V2E , jijl 

V h=2 h=2 \b=l 



(6) 



Note that the ac terms of (5) cannot have equal frequencies. 

The same result can be deduced in frequency domain. By performing the convolution on the frequency spectrum 
of the voltage and current, given by (7.a) and (7.b) respectively, the same result as calculating the Fourier 
transform of (5) is obtained. 



E(f)=E6(f-f l ) 



e jP *5(f-f h )+I h e 



-jPh 



S(f +f h )] 



(7.a) 
(7.b) 



The frequency spectrum of (5) is shown in Fig. 1. 



Im=Imaginary E i^2^Pi2 s f=£iI 



Q=E 1 I 1 sin<p I/ ^ 




EiI 2 sinXi2 



Freq. 



Fig. 1 -Frequency Spectrum of the IP 
It is clear that the AP ^iven by (6) can also be calculated from the spectrum of the IP shown in Fig. 1. 



S=V(E,I 1 ) 2 +Sl f +S3 2 f +S! f + . . • (8) 

Where S 2 r, S 3 & S.f, .... are the magnitude of the ac-terms of the IP at different frequencies. 

The term in bracket in (5) can be regarded as the Distortion Instantaneous Power (DIP), since it exists if the 

current is non-sinusoidal. Distortion Power (DP), which is a component of the AP, is defined as given in (9). 



D=V2j£(E I I h ) 2 

\fb=2 



(9) 
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Thus, the AP can be rewritten as follows; 



S=V2P 2 +2Q 2 +D 2 (10) 
2.2-Load Terminal 

The load terminal voltage is obtained by subtracting the voltage drop of the system impedance from the source 
voltage. Thus; 

Av h (fMRsh i|-)i h cos(G> h t+p h ) (1 l.a) 

at 

Av(0= ZAv b (/) = ZAV h cos(o h t-Hx^ ) (1 1 .b) 

Where: R ^ =system impedance resistance at frequency h 
L sh =sy stem impedance inductance at frequency h 

AV h ^Rl+iVbl**) 2 h (12.a) 

otAh=Ph-KPsh (12.b) 

R. 



, OlL,!, 



v(t)=e(t)-Av(t) (13) 
Substituting (ll.b) into (13) yields; 

v^^cos^t) - ZAV h cos^t-ha^ ) (14.a) 

v(0=V,cos(6> I t+a 1 )+ EV h cos(o) h t+a h ) (14.b) 

h=2 

Where: 



V^rEi-AVjCasCa^ )] 2 +{AV lS in(a A1 )] 2 (15.a) 
„, AV 1 sin(a A1 ) 

a,=-tan [- J (15.b) 

E,-AV,cos(a A1 ) 

V h =AV h | (16.a) 

1 h =2 

Equations (17.a) and (17.b) give the complex voltage signals for the system impedance and load terminal 
respectively. 

Av m (/)= ZAV h e ** t+a *> (17.a) 

v m (0=ZV h ^ J(0,ht+ah) (I7.b) 
The corresponding IP are given below; 
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Ap=Av m (/)i'(0=AV 1 i,e j(<0 ' ,+ai ' ) cos(co 1 t+p,)+ ZAV.ihC^'^'Wfflht+P,,) 



+ ZAV h i h e j(t0 '' ,+aA, ' ) cos(<Bh t+ Ph)+ Z ZAV.^e^'^Wttml+P.) (18a) 

h=2 n=2 m=1 



P=v m (0/\0=V 1 I l e j(Q,lt+ai) cos(c> 1 t+p 1 )+ SV,i h ^ K<,>,t+a,> cos(a) h t+p h ) 



h=2 



-ZAVhi^^'^Wofct+P^-Z ZAV n I m c j(05 " ,+aA " ) cos(a) ni t+p 11 ) (18.b) 

h=2 o=2 m=l 

It can be seen that those terms of the IPs that do not involve the ffc voltage have equal magnitudes and opposite 
sign. This implies that the load actually supplies these components of the IP to the system impedance. For the 
system considered, the source of these components of the IP are the components that are the product of the fife 
voltage and harmonic currents, namely; 

/KO^I^^co^ (19) 

h=2 

(19) gives the IP components that the source can produce. Any other demand is met by the non-linear load by 
converting some of the IP components from (19). Note that the equivalent of (19) for the system impedance is 
also provided by the source. This phenomenon in non-sinusoidal situation is similar to the case discussed in [5], 
when 3 -phase unbalanced system was considered. More discussion will be given later in this report when power 
factor (pf) is investigated 
(18.b) can be rearranged as follows; 

P=ZV h I h e j<Ph +ZV h I h e i(2a)ht+: " h) + Z ZV n I m e*"- t+ *» } + Z ZV n I m ^ a, " m,+ ^ ) (20) 

h=l h=l n=l m=l n=l m=l 



Where: <Ph=Oh-Ph, ^tr^Oh+Ph, <fW=<Xn-Pm , X W n=ot n +p m 

V and I with subscripts denote the rms of a specific harmonic. 



(20) gives the total IP at the load terminal. Note that the average imaginary value of (20) is the Budeanu's 
reactive power. In that definition the total reactive power was defined as the sum of the magnitude of ac 
components with different frequencies. That was not acceptable to many researchers [6]. However, with the new 
method presented in this article, the reactive power is deduced as the sum of dc terms. This does not present any 
analytical problem. The real average value of (20) is the total active power consumed by the load. Thus; 

P, +jQ, = ZV h I h cos<p h + j ZV h I h sin(p h (21) 

h=l h=1 

The frequency of the ac terms in (20), depends on the frequency spectra of the voltage and current. It is clear that 
the product of different frequency components of voltage and current in time domain (or convolution in 
frequency domain) may result in the formation of ac components with equal frequencies. Thus in general, 
combining the ac components with equal frequencies, the IP at the load terminal can be written as follows; 

p=ZV h I b e* h + ZS w e j(0 - ,+ew) (22) 

h=l w=-co 

Where: Sw= Magnitude of the ac terms for different frequencies 
0 W = Angle of the ac terms 

The AP is thus given by (23). 

S-,/(ZV h I h coscp h ) 2 -KZV h I h sincp h ) 2 + %Sl (23) 

Y h=1 h=l w=-a> 

If the relationships given by (24) are valid for the IP then the AP can be written as (25). 

2© h *© nin , 2co h ;*D nn \ co mn 9ko nin } for any h, n and m (24) 

C-4 



APPENDIX C 



S= (ZV h I b co S (p b ) 2 -KZV h I h sin<p ll ) 2 + Z(V h I h ) 2 +2Z L(V n I m ) 2 (25) 

il h=l h=1 h=l n=l m=l 

The pf is equal to P/S. Thus using the total active power given by (21) and total AP described by (23), the pf can 
be calculated. 

3-PISCUSSION 

It was shown that the source can only produce those components of the IP that are the product of the fife voltage 
and full spectrum of the current. Those terms of the system impedance IP that are the result of the product of the 
harmonic voltages (non-ffc voltage) and full spectrum of the current are supplied by the non-linear load If the 
current spectrum of the non-linear load is not disturbed by any form of filtering, then the source of the above IP 
components are those terms that result in from the product of the fife voltage and full spectrum of the current If 
filters are used to modify the current spectrum then some of the non-ffc voltage components are produced by the 
filters. 

Since the active power is only generated by the ffc voltages and currents then active harmonic powers are 
supplied by the non-linear load by converting some of the ffc power. 

The above argument is also true for the harmonic power components of any linear load in parallel with the non- 
linear load that absorbs harmonic currents. In other words, the non-ffc voltage components of linear loads are 
supplied by the non-linear load Note that the ffc active and reactive powers of the linear load are smaller than 
the total active and reactive powers as for linear loads the harmonic active and reactive powers are added to the 
ffc respective power components. However, harmonic powers have detrimental effects on the systems and one 
may argue that the linear loads are forced to consume these powers. 

Hence, it is suggested that the IP is calculated only for ffc voltage components. The logic behind this is the fact 
that other power components are supplied by the ffc voltage terms. The non-linear load must be held responsible 
for the harmonic pollution, assuming the system impedance values comply with the design standards. 
Thus the IP is calculated using (26). 

/>(0=v m (O/'XO^I,^ +V 1 I 1 e j(2c, ' t+x » ) + Z r^Ihe^^^^+V,!^^ 1 ^ 1 ^] (26) 

It can be seen that (26) has a format similar to the source IP. The ac terms do not have equal frequencies. The 
average real and imaginary values of (26) are the ffc active and reactive powers respectively. The AP and pf of 
the load are thus given by (27) and (28) respectively. 



S=^(V 1 I0 2 + £(V I I b ) 2 = 4i V, ^ (27) 
V,I,cos<p, ^COSCP) 



pf= P = V^COS?, = 1,0059, (28) 



It can be said that the AP and pf given respectively by (27) and (28) reflect the electrical quality of the load in 
single phase pure/non sinusoidal situations. 

4-IMPLEMENTATION OF THE TECHNIQUE 

In order to calculate the AP, the voltage signal must be phase shifted by -90° to obtain the quadrature axis 
voltage signal. Thus, a system is required with a phase response of -90° for all frequencies in the bandwidth 
considered However, it was shown that the product of the ffc voltage and full spectrum of the current can reflect 
the quality of the load. Hence, it is essential to filter the voltage signal to extract the ffc voltage and then to 
perform the phase shifting process. This eliminates the need for a sophisticated filtering and signal processing. 
Appendix A shows that (29) can be used to calculate the AP. 

S=J{nns[v Ip (/)<(')] ¥ A «>'(<)] f ^ (29) 

Where v lp (t)^V x co%((£> x X-Ht x ) , v lq (/)=V l sin(co l t+a 1 ) 
/(/)isgivenby (2) 
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S-THREE PHASE SYSTEMS 

The procedure for calculating the AP in 3 -phase systems when the signals are not sinusoidal is exactly the same 
as the case that has been described in [4] and the proceeding sections. 

5.1-AP Calculation Using Phase Quantities 

Assume the phase voltages and currents at any point in the circuit are given below: 



v k (/^ZVttCosCo 

h=l 



b t+Ct kh)| k 



'■ k (0=ZIkh c °s(< D h t +Pkh ) 

h=l lk=*,b,c 



(30.3) 
QO.b) 



Where k and h denote phase number and harmonic order respectively. Note that in order to consider a general 

case the harmonic order for different phases may not be the same. 

The complex voltages and the total IP are determined from (31) and (32) respectively. 



v^(/)=ZV tt e* B >- ,+a '< h) 



h=l 



/>(')= Z ZV^I^^-h z zs 



h=l k=a,h.c 



w=— ao k=*,b,c 



,X«wl+Gfcw) 



(31) 

(32) 



Where and Iu, are the rms of the per phase harmonic voltages and currents. is the magnitude of the ac 
terms of the IP. 

The AP is defined as the 2-Norm of (32). Thus: 



S= 



£ SVuI^coscpu 

^h=l k=a,b,c 



] +f z ZV^ 



IkhSliupu, + £ 

J w=— c 



f xs* 



cosGt, 



ZS^sinGth 



(33) 



S described by (33) is the total AP of the non-linear load itself, excluding the demand by the system impedance 
and any other linear parallel load that takes some of the harmonic currents. The pf is the ratio of the active 
power, that is the real dc value of (32), and S given by (33). 

At the source and also if the load terminal flc voltage is considered in the power analysis of 3 -phase systems, 
then the IP can be calculated from (34). 

P(0= ZV kl I kl e^+ ZV k J kl e* 2a) ' t+Xkl) + Z Zv,^ 

k=a,b,c k=a,b,c k=a,b,c h=2 

P(0= ZV kl I kI e^+ ZV kl I kl ^ 2G,lt+Xkl) + Z ZV^e^+^+Z Z^I^* 0 " 1 ^^ (34) 

k=a,h,c k=a,b,c h=2 k=*,b,c h~2 k=»,b,c 



Where for the source Vu is replaced by Ei. It can be seen that the ac part consists of terms with distinct positive 
and negative frequencies. The AP is thus given below: 



S=Vs s 2 +S^D 2 



Where: 



D= 



ZV kl I kl e M » 


As given in [4] 






SV kI I kl e jXkI 


As given in [4] 


k=«.b,c 






|2 1 


2 






h=2| k=«,b.c 


| h=2|k=«,h,c 





(35) 

(36.a) 
(36 b) 

(37) 



Where D is the Distortion Power. Note that S, and S u are exactly the same as (45. a) and (45. b) in [4]. These 

terms are related to the flc voltages and currents. 

The pf is then calculated using real dc value of (34) and S given by (35). 
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5.2-AP Calculation Using Symmetrical Components 

If the system impedance can be considered equal in all three phases, then the 3 -phase system can be replaced by 
three uncoupled systems known as sequence impedances. 

The above statement is very near to true in a 3 -phase system when only ffc signals are present. However, if there 
is a non-linear load in the circuit, then mutual effects between sequence networks exist This is due to the fact 
that the condition of system impedance symmetry may not be fulfilled since the self and mutual impedances of 
the phases may be different as the frequency increases. 

However, it is always possible to resolve the voltages and currents at any point in the system to symmetrical 
components. The system impedance asymmetry only results in coupling between the sequence networks. This 
implies that the current in one sequence circuit gives rise to a voltage in others [7]. Therefore, having 
measured/calculated the phase co-ordinates voltages and currents then wide band frequency spectrum three 
phase signals can be resolved into symmetrical components. Unequal system impedances implies that Equation 
(16) in [5] is not strictly valid since voltage drop on sequence impedances of the line is not due to one sequence 
current only. 

The voltages and currents are defined by (30.a) and (30.b). At any point in the circuit the following relationship 
between the phase and symmetrical component voltages exists. 

(38.a) 
(38 b) 
(38x) 

Where Th is the period for each harmonic including the fife. The same relationship can be defined for the 
currents. 

If the 3 -phase system is balanced, then harmonics will appear only in one symmetrical component signal. For 
example, for balanced 3 -phase systems the 9 th harmonic appears in zero phase sequence (zps) only and the 2 nd 
harmonic as negative phase sequence (nps). However, considering a general case, the positive phase sequence 
(pps), nps and zps signals may contain harmonics irrespective of their orders. 

The symmetrical component currents and complex voltages are defined by (39) and (40) respectively. 



v + (0=Zv£(0=-Z 
h=i 3 h=i 

CO 1 CO 

v-(o=ivj:(/)=-z 

h=l 3 h=l 



V J ,(/)+V bh (f-H^-)+V ch (/^-) 



v° (/)= hi (0=4 iihh (O+vw, (o+v ch (/)] 

3 h=i 



h=I I 



vL k (0=Zv^ h (0=ZV 1 ie^ +o -> 



k=*,b,c 



h=l 



(39) 



(40) 



Where: a^=aj , 0^=0^ -120° , a4=a£+120° 

a^^cth , ab h =ah+120° , a~ h =aj;-120 o 

00 00 00 
a^=a h . a bh =«h » ad,=«h 

Pi,=pj . p:„=p:-i2o\ ^ b =^+no° 

PL,=Pii , p; h =P^+i20' , p^=j3;;-i20' 
P*=P2 , PSh=PZ , P*=P2 

The total IP is defined by (22.a) or (22.b) in [5]. The elements of the total IP are given below; 



P + = 2X^(0^ (0=3 Z ZV„ + Ce j(<B »" ,+,, ^ ) =3ZV h + Iie j,Ph +3Z Z V n + i:,e* D ™ ,+ ^ ) (41) 

k=a,h,c n=l m=l h=l n=l m=l 



P'= Zv^(/> k -"(/) = 3SV h -Ii: e ^+3Z zv;!"** 0 ™'^ (42) 

k=«,b,c h=l n=l m=l 
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P°= Zv^ (/>;* a)=3 ZV b o I 0 h ^ +3 £ ^V^I^e^'^-'+SZ £v D °I° e**™"^ (43) 

o=l m=1 



/»*= Zv^(O k -'(0=3Z ZV n + I-e^ nm,+x '™> (44) 

k=«,b,c o=l m-1 

= ZW>' k + (/)=3 Z ZV B -Iie J< " ,+XnDl) (45) 

k=*,b,c c=l m=l 

Zv4'k°*= Zv ink /^= ZvSi/ k + *= Zv^»k*=0 (46) 

k=a,h,c k^b.c k=«,h,c k=a,b,c 

Where: a)nm=CD n -<D m oo nm =co n +co m 
h, n, m = harmonic orders. 

With reference to f 5] and the aforementioned analysis the following remarks can be made. 

1- The product of similar sequences and harmonics leads to dc values in p*, p~ and p° . 

2- If the signals are pure sinusoidal, the result is the same as what was obtained in [5]. 

3- The ac components of p + and p~ have frequencies that result in from the difference of the harmonic 
frequencies. 

4- The ac components of p° have frequencies that are from the difference and summation of the harmonic 
frequencies. 

5- p~ and /?* have frequencies that result in from the summation of the harmonic frequencies. 

6- At the ideal source terminal p~ ,j>° and p* are all zero. The average value is Vi + l! + exp(j<pi + ). 

7- For non-linear loads, p~ , p° and p* at all frequencies are equal to the demand of the system impedance and 
any other parallel load that absorbs the harmonic and unbalanced currents of the non-linear load 

8- The terms mentioned in 7 are supplied through /? + and p- by the source for the system considered Note that 
if there is any form of harmonic filtering, then the above terms are supplied by the source and filter. 

Combining the ac terms with equal frequencies, the total IP is given below: 

p(t)=p + +p-+p°+p ± +p T ^ (47) 
/>(0=3 Z TylV h e**+3 ZS w * j(Qwt+6w) (48) 

r=+,-,o h=l w=-oo 

The average values of (48) on real and imaginary axis are the load active and reactive powers respectively as 
shown below. 

P=3| ZV h + l£ cosq)^ + ZV h -IhCOS<pi; + Z V h °l2cosq>S 1 (49) 

|_b=l h=I h=l J 

Q=i ZV h + l£sincpJ + ZVfclisiapi + ZVjIJsiwp; 1 (50) 

Lh=l h=l h=l J 

(49) and (50) are equal to the real and imaginary average values of (32). The ac terms are also equal for each 
frequency. The AP in terms of the symmetrical components is the 2 — Norm of (48). Thus; 



" 3 i 



S=3J Z ZV h r IJ,e^ 

r=+,-,o h=l 



2 ^ 

~ 2 



+ ZSt (5 La) 



S=3/f Z ZV h 'IJ,cos(p r h l +f Z ZV h 'lLsin<pil + (51.b) 

y^r=+,- >0 h=l ) ^r=+ r ,oh=l J w=-co 

If one can assumes that (16) in [5] is approximately valid, i.e. the transmission system impedance matrix is 
symmetrical for all frequencies, then it is technically more acceptable to consider the ffc, pps voltage in the IP 
calculation. Thus, the IP is determined from (53). 
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/>(')= Svi,f Lru l + &tt + »tt] (52) 

k=»,b,c h=l h=I J 

m=W;\\e** +3V+ ZI^ 1(G>lht+<Pl+h) +3V 1 + £lj;e xJh|+ ^ ) (53) 

h=2 h=l 

It can be seen that the ac terms do not have equal frequencies. The product of the fife, pps voltage with pps 
currents leads to a complex average value and ac terms with distinct negative frequencies. The product of the fife, 
pps voltage and the nps currents, on the other hand, results in the ac terms with distinct positive frequencies. The 
active, reactive and apparent powers are given by (54.a), (54.b) and (55.b) respectively. 

P=3V 1 + I, + cos<p^ (54.a) 
Q= 3V 1 f I 1 + sin(p J + (54.b) 

\fh=l h=l 

The AP in terms of S s , S„ and DP can be written as follows; 



S=VS S 2 +SS+D 2 (56) 
Where 

S s =3V, + lf (57.a) 

S t =3V, + ir (57.b) 



^ / CO 7 

D=3V, + J ZU 



+ £lh 2 (57.C) 

h=2 



It can be shown that the power components at the load terminal have the same format as the source where Vi + is 
replaced by Ei . 

The pf is calculated from P/S where P and S are given by (54.a) and (55.b). 

With reference to [5] and since the relationship given by (58) is valid between phase and sequence currents at 
each frequency h then (55.b ) can be written in terms of the phase and zps currents as given by (59). 

K 2 +ij 7 +n 7 =&*+il+ii) ess) 

/ Z' go oo- co _ A co 2 

S=3V,* W zii+zii+zii ( 59 ) 

V Vh=l h=l h=l J h=l 

The DP can be written in terms of the phase and zps current as shown by (60). 



d=3 v+ ]4h^hl^hi)-^K 2 ( 6 °) 

\ U=2 h=2 h=2 / h=2 



6- THREE PHASE IMPLEMENTATION 

The technique for measuring the AP in 3 -phase systems is similar to the single phase method that has already 
been explained in Section 4. There is a need to extract the pps voltage after the filter section. The AP is then 
calculated according to [5]. It is essential to specify the bandwidth of the measuring units. 

7- CONCLUSION 

The new method for calculating the AP and pf was investigated when the signals are not sinusoidal. Single and 
three phase systems were considered. It was shown that the technique can be equally applied in frequency and 
time domains. The active and reactive powers are the sum of the active and reactive powers of each frequency 
and these are determined as the average powers of the total IP. This partly confirms the Budeanu definition f 
the reactive power. The difference in the two approaches is the fact that in the new definition the reactive power 
is determined as the sum of dc values. 
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II was shown that it is sufficient and technically more acceptable to consider the fife voltage in the IP calculation 

at any point in the circuit. This reflects the power components that are present at the source. 

With reference to [5], in 3 -phase systems the pps, ffc voltage must be considered in the IP calculation. 

The Distortion . Power was defined in terms of the phase and sequence quantities. 
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9- APPENDIX A 

The voltage signal must be filtered to extract the fundamental frequency component (ffc). The filtered signal is 
then phase shifted to form the complex ffc voltage. Thus; 



v i P (0=V 1 cos(co l t+<x 1 ) 

v lq (/)= V, cos(g£> i t-Kx j -~) = V, sin(co , t-fa , ) 
v m (0=vi p (0+jv lq (0 



The IP is given by (A3). 
M0=P P (0+jp q (0 
Where: 

PpO)=Vi P (0 2> h (O^cos^t+a,) £I h cos(a> h t+p h ) 
h=i h=i 

P* 0=vi q (0 £i h (O^sin^t-Kx, ) zi h cos(© h t+p h ) 
h=l h=l 



(Al.a) 
(Al.b) 
(A2) 

(A3) 

(A4) 
(A5) 



(A4) and ( A5) can be written as follows; 

PpCO^I^sq^WjIjCOS^©,^ (A6) 

h=2 h=2 



p (/^V^sintp! +V l I l sin(2G> 1 t+a. 1 )+ EV^suua,,, t-Kp lh )+ ZV,I h sin(G> lh t+^, h ) (A7) 

h=2 b=2 

Where; (o lh ^Gy l -(o h , © lh =g>, -Ho h 
V and I with subscripts denote the rms of the signals. 

The AP is defined as the rms of the IP. Hence; 
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S=nns[p(01=V{ nns Up W] }*+{nns(p q (/)] f 
Where 



rms[/? p (/)]=■ 



h=2 



h=2 



h=2 



S=V2 J(V 1 I 1 ) 2 + Z(V,I h ) 2 J£l 

V h=2 Vh=l 



The AP can be written in terms of active, reactive and distortion powers as shown in (A12). 

S=V2P 2 +2Q 2 +D 2 
Where 

P=V, Ijcoscp, =average[/? p (/)] 
Q=V,I,siiKpi =average[p q (/)J 



D=j j rms|v lp (0 I> h (/)] J +j rmsj\> lq (t)JJ\ (/) j J 



(A8) 

(A9) 

(A10) 
(All) 

(A12) 

(A13.a) 
(A13.b) 

(A14) 
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Figure 1 - Schematic Diagram of the Power Meter 

Key; 

FFC: Fundamental Frequency Component 
PPS: Positive Phase Sequence 
earn.: calculation 
nns: root mean squared 
ave: average 
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